The transfer matrix of the XXZ open spin-1 2 chain with general integrable boundary conditions and generic anisotropy parameter (q is not a root of unity and |q| = 1) is diagonalized using the representation theory of the q−Onsager algebra. Similarly to the Ising and superintegrable chiral Potts models, the complete spectrum is expressed in terms of the roots of a characteristic polynomial of degree d = 2 N . The complete family of eigenstates are derived in terms of rational functions defined on a discrete support which satisfy a system of coupled recurrence relations. In the special case of linear relations between left and right boundary parameters for which Bethe-type solutions exist, our analysis provides an alternative derivation of the known results by Nepomechie et al. and Cao et al.. In this latter case, each of the Bethe-type solutions is associated with a characteristic polynomial of degree d < 2 N and is shown to cover only a part of the spectrum. Numerical checks performed for small values of N support the analysis.
Introduction
Since the pioneering work by Bethe on the Heisenberg isotropic chain [1] , various methods and techniques have been proposed to solve quantum integrable models on the lattice. Notably, all of them take their roots in Bethe's article or Onsager's articles on the planar Ising model [2, 3] . By now standard approaches, the so-called algebraic and functional Bethe ansatz have been successfully applied to a large number of quantum integrable models defined through a transfer matrix or Hamiltonian, for instance quantum spin chains or vertex models with periodic boundary conditions. In both approaches, the transfer matrix eigenvalues are written in terms of solutions of Bethe equations whereas the construction of the so-called Bethe eigenstates requires either the existence of a simple reference state (also called pseudo-vacuum state) on which the creation operator acts iteratively, or the construction of modified Baxter−Q operators. In any case, the proof of completeness of the eigenstates is not straightforward and makes necessary numerical computations.
The homogeneous XXZ open spin-1 2 chain with the most general integrable boundary conditions is among the models for which these standard techniques cannot be applied, except for some special family of boundary conditions or special values of the anisotropy parameter. Its Hamiltonian reads
where σ 1,2,3 and σ ± = (σ 1 ± iσ 2 )/2 are usual Pauli matrices and ∆ = (q 1/2 + q −1/2 )/2 denotes the anisotropy parameter. In the present analysis, we will restrict our attention to the regime −1 ≤ ∆ ≤ 1 i.e. q = exp(φ) with φ purely imaginary. To exhibit the six independent boundary parameters, below we will sometimes use the following parametrization with θ,θ ∈ R and α,α ∈ C:
For the special case of diagonal boundary conditions considered in [4, 5] , or for special linear relations between the left and right boundary parameters [6, 7] this model has been studied within the algebraic Bethe ansatz or functional Bethe ansatz framework. More recently, a Bethe-type solution has also been obtained for arbitrary (generic) boundary parameters provided the anisotropy parameter takes special values (q is a root of unity) [8] . However, for general integrable boundary conditions and anisotropy parameter the exact spectrum of (1) has remained an outstanding problem. Either due to the lack of a pseudo-vacuum state, or due to the lack of functional relations of finite order for the transfer matrix, both algebraic and functional Bethe ansatz techniques have failed in this regime of parameters.
In this paper, we propose the exact solution of the model (1) for arbitrary parameters and q not a root of unity. The approach here presented, initiated in [9] , partly takes its roots in Onsager's original work [2] . Mainly based on the representation theory of the infinite dimensional q−Onsager algebra (also called tridiagonal algebra) which underlies the integrability of the model [10] , our results for the spectrum and eigenstates essentially differ in form from the ones usually obtained using Bethe ansatz techniques. As expected from the method used, they have closed analogy with the ones for the planar Ising and superintegrable chiral Potts models [11, 12] .
In the next Section, we recall how the transfer matrix of the XXZ open spin chain (1) can be simply written in terms of the generators of the q−Onsager algebra and its Abelian subalgebra. Then, these generators are shown to possess a bloc tridiagonal structure in the vector and functional basis proposed in [13] for which all coefficients are derived recursively (see the Appendix A). In Section 3, the spectral problem for the transfer matrix is then considered in details: the eigenstates -written in the vector basis -are derived as linear combinations of rational functions of one discrete argument which takes its value within the roots of a characteristic polynomial of degree d = 2 N . Then, we consider the special case of linear relations among the boundary parameters and discuss the correspondence with Bethe-type solutions [6, 7] which cover only a part of the spectrum. Finally, for general integrable boundary conditions all the eigenvalues of the transfer matrix are derived from a second-order discrete q−difference equation. Concluding remarks follow in the last Section. In Appendix B, numerical results for the case of N = 3 sites are reported as an example.
2 The transfer matrix in q−Onsager basis
An alternative description
In Sklyanin's approach of boundary quantum integrable models, the transfer matrix of the XXZ open spin chain is constructed starting from a R−matrix -which statisfies the Yang-Baxter equation -and two K ± −matriceswhich satisfy the reflection and dual reflection equations, respectively -associated with the two boundaries. In particular, from the most general c−number K−matrices derived in [14] one obtains the Hamiltonian (1) among the local conserved quantities. However, as pointed out in [9] the transfer matrix can be alternatively written in terms of the generators of the q−Onsager subalgebra with no necessary reference to Yang-Baxter-type of algebraic structures. In this point of view, it reads
where
is a family of rational functions in the spectral parameter u. The explicit expressions for the coefficients C
essentially depend on the choice of quantum space representations at each site (two-dimensional for (1)) of the spin chain. Calculated recursively in [10] (see also [15] ), they read
where we have defined
and for arbitrary values of N ǫ
On the other hand, the algebraic part of (3) for the model (1)is formed by a family of mutually commuting operators acting on the tensor product of N two-dimensional quantum spaces. Generalizing the Onsager's hierarchy, they generate a q−Onsager Abelian subalgebra [10] . Indeed, similarly to the undeformed case each operator I 
3 Note that the remaining boundary parameters are implicitely contained in the realizations of W
The fact that all operators I (N ) 2l+1 , l = 0, 1, ..., N − 1 are in involution is actually a direct consequence of the defining relations (see details below) of the q−deformed analogue of the Onsager algebra. In view of the expansion (3) it follows
which characterize all Abelian symmetries of the XXZ open spin chain (1) [10] . More generally and independently of the explicit form of the rational functions F 2l+1 (u), from (7) and (3) one easily recovers the well-known integrability condition for (1):
According to (3), the spectral problem i.e. finding the eigenstates and eigenvalues of the transfer matrix (as well as any local or nonlocal conserved quantities) reduces to the one for the family of mutually commuting operators (6) . In view of (6), this problem clearly needs a detailed analysis of the finite dimensional representations of the q−Onsager algebra which is considered below.
The q−Onsager algebra and tensor product representations
In [15] , based on the structure of the Sklyanin operator a q−deformed analogue of the Onsager algebra has been introduced and studied in details. With elements W −k , W k+1 , G k+1 ,G k+1 , it is a non-Abelian infinite dimensional algebra with defining relations
and fixed scalar ρ, k, l ∈ N, where the q−commutator [X, Y ] q = q 1/2 XY − q −1/2 Y X has been introduced. In particular, assuming 4 G 1 = [W 1 , W 0 ] q andG 1 = [W 0 , W 1 ] q it is not difficult to exhibit a close relationship between the algebra (9) and the tridiagonal algebra introduced in [16] . Indeed, replacing these elements in the fourth relations of (9) for k = 1 and using the second and third relations one immediately recognizes the so-called q−deformed Dolan-Grady relations discussed in [16] (see also [9] ).
For the XXZ open spin− 1 2 chain with general boundary conditions (1), the algebra (9) is a hidden dynamical (nonlocal) symmetry of the model: It has been shown that the operators W
l+1 in (6) induce a representation of (9) provided one identifies [10] 
By comparison with the case of the Onsager algebra, for finite dimensional representations linear relations among the realizations of the elements generating (9) are well-expected. Indeed, for the finite dimensional representations associated with the model (1) we have found [10]
It is the case for the corresponding operators of the XXZ open spin chain (1).
with (4), (5) . Note that these relations will play a crucial role in the following analysis.
Let us finally describe explicitely the structure of the operators W
l+1 acting on the tensor product representation V : (C 2 ) ⊗N . From the results of [10] which were based on the representation theory of the U q 1/2 (sl 2 ) algebra and its connection with the representation theory of (9), one has
For the special case l = 0 note that we identify 5
and the identity operator II (N ) = II ⊗ · · · ⊗ II has been introduced. In addition, one has the "initial" c−number conditions
Together with (11), the expressions above determine the action of the nonlocal operators I (N ) 2l+1 given by (6) on V. Being of a rather complicated form, below we use a basis introduced in [13] for V on which all nonlocal operators act in a rather simple manner.
Bloc tridiagonal structure of the q−Onsager generators and their descendents
As shown in [13] , the family of nonlocal operators W 
Consequently, using (9) one finds that W
induce a representation of the tridiagonal algebra [16] with defining relations (so-called q−deformed Dolan-Grady relations) and (10): 5 The reader must keep in mind that W
In other words, the pair of operators W
is said to be a tridiagonal pair which general definition can be found in [16] . Briefly, for general boundary parameters (2) and generic q there exists a complete basis (resp. dual basis) of V in which W
) is represented by a diagonal matrix with degeneracies and W
) is represented by a bloc tridiagonal matrix. Such basis and dual one have been constructed in [13] , so that we refer the reader to this work for details and only recall the main results here.
Let N be fixed and assume the convenient parametrization of the boundary parameters (2) . Define the family of 2 N possible spins configurations (ǫ
In the canonical basis N j=1 |± j on which the nonlocal operators (12) act, let us introduce the 2 N states
with (17) . For general boundary parameters and q generic, these states form a complete 6 basis of V on which the tridiagonal pair W
acts [13] . Furthermore, using the explicit expressions (12) it is possible to exhibit the diagonal and bloc tridiagonal structure of the tridiagonal pair W
with n = 0, 1, ..., N and j ∈ {1, ..., N n }. Note that the explicit form of the coefficients a (N,0) [13] -are reported in the Appendix A. According to (15) , the nonlocal operators G . Plugging (19) in (15) , one finds
Proceeding similarly for higher values of l = 1, 2, ..., N − 1, it is an exercise to show that all nonlocal operators defined by (12) also enjoy a bloc tridiagonal structure in the basis (18) . To show it, it is important to notice that
which are used to obtain recursive formulae for the coefficients of the bloc tridiagonal matrices. Using (12) together with the linear relations (11), after some straightforward calculations we finally get:
where all coefficients are reported in the Appendix A. Note that they have a rather simple form regarding to the recursion on the index l, a fact which may have been anticipated from the linear relations (11) . Obviously, the previous analysis may have been conducted starting from the eigenbasis of W with n = 0, 1, ..., N, j ∈ {1, ..., N n }
whereφ (N )
for any s = 0, 1, ..., N and k ∈ { 1, ..., N s }. Given k, s fixed, there are exactly 2 N elements of this form which are easily computed by taking the scalar product of (18) with (22).
Having in mind that (W
and W (N ) 0φ
(N )
Acting with the nonlocal operators W n[jk] (z s )} satisfy a system of coupled three-term recurrence relations in n and a system of coupled second-order discrete q−difference equations in the argument z s of the form
respectively. Here, we have introduced the 'dual' spectrumλ
follow from the ones reported in the Appendix A, using the substitution
As explained in [13] , the equations (24), (25) generalize the ones defining the Askey-Wilson q−orthogonal polynomials. The main difference here is the presence of degeneracies in the spectrum of W can be seen as a generalization of the second-order q−difference Askey-Wilson operator [13] .
Generalizing the calculations to higher values of l = 1, 2, .., N − 1, it is a straightforward calculation to show that any of the nonlocal operator W
l+1 acts on the functional basis (21) as a second-order discrete q−difference operator in the argument z s . We eventually gets φ (N )
with the identificationsx
Having in hand both realizations (20) and (27) of the nonlocal operators W
, we now turn to the bloc tridiagonal structure of the transfer matrix (3). 
Bloc tridiagonal structure of the transfer matrix
where the coefficients read 
where Λ (N ) 1
is an argument used to classify all posssible eigenstates of the transfer matrix (3). In view of (7) and the bloc tridiagonal structure of W as well as the discrete support which Λ (N ) 1 belongs to. Using (28) for l = 0, the 2 N functions are found to satisfy the system of coupled three-term recurrence relations on n (see also [17] ): 1 . In addition, it is easy to see that the remaining equation coincides with P (N ) Λ
is the characteristic polynomial of I (N ) 1 written in terms of the coefficients (30). It determines the set of "allowed" eigenvalues 8 :
Consequently, the complete set of 2 N eigenstates of the XXZ open spin chain (1) with generic boundary parameters and q is given by (31) with (32), (34). Note that the completeness of the basis (31) is a natural consequence of the dimension and irreducibility property of V for generic boundary parameters. In our approach, the counting of eigenstates is encoded in the degree d of the characteristic polynomial (33). For generic boundary conditions, the irreducibility of the representations (18), (31) implies d = 2 N .
Special integrable boundary conditions and Bethe-type solutions
For special relations between left and right boundary parameters, two invariant nontrivial subspaces denoted W ± ⊂ V with dim(W ± ) < dim(V) can be constructed as follow (see also [15] ). Given an integer 0 ≤ p < N fixed, consider the two familes of states 
Depending on the values of the boundary parameters, the functions f
satisfy the truncated (compared to (32)) system of recurrence relations 
1 [1] (Λ
1 )/C (1,0) 1 [11] and the characteristic polynomial P (1) (Λ 1 [11] which has exactly two distinct roots. 9 Similar results have been independently obtained from the representation theory of the two-boundary Temberley-Lieb algebra [18] .
Similarly to the case of generic boundary parameters, dim(W ± ) − 1 equations of (39) determine the functions f
, whereas the remaining equation coincides -up to an overall factor -with a characteristic polynomial of degree d =dim(W ± ), respectively. Denoting I (M) 1 trunc the truncated bloc tridiagonal matrix which entries appear in (39), the "allowed" eigenvalues for M = p (i.e. W + ) or M = N − p (i.e. W − ) are given, respectively, by
It is worth interesting to notice that for the boundary parameter spaces (37), (38), the transfer matrix (3) admits Bethe-type solutions [6, 7, 8] . As a consequence, the two families of eigenstates usually constructed by acting on a pseudo-reference state (see [7] for details) can be here identified with the two families of eigenstates (35), (36), respectively. The remaining eigenstates (not associated with Bethe-type solutions) which were missing in the standard Bethe ansatz approach [7, 6] are of the general form (31). All together, they form a complete eigenbasis of the transfer matrix.
Spectrum
In any of the boundary parameters space described above, the complete set of eigenvalues of the transfer matrix defined on the discrete support (34). For the special linear relations among the boundary parameters (37) and (38), the two subsets of eigenvalues corresponding to Bethe-type solutions are associated with the discrete supports (41). The transfer matrix eigenvalues simply read
The spectrum E of the Hamiltonian (1) immediatly follows:
Concluding remarks
The approach initiated in [9] and based on the representation theory of the q−Onsager algebra opens the possibility of studying massive continuum or lattice quantum integrable models from a point of view which, clearly, possesses several advantages compared to standard -like algebraic or functional Bethe ansatz -approaches. Applied here to the XXZ open spin chain it has shown its efficiency for generic integrable boundary conditions in (1) as well as for the special conditions (37), (38) for which even the "missing" part of the spectrum (i.e. eigenvalues which can not be derived from a Bethe ansatz approach) has been obtained. No modifications of the formalism between the two regimes of boundary parameters have been necessary, the only changes being the structure of the eigenstates and related characteristic polynomial.
Another nice feature of the present approach relies on the fact that the eigenvalues of the transfer matrix for any integrable boundary conditions are expressed in terms of the roots of a characteristic polynomial of degree d = 2 N (d ≤ 2 N for (37), (38) which gives a subset of the eigenvalues), similarly to the Ising and superintegrable chiral Potts models. These roots are numerically much easier to compute than solutions of Bethe equations. In particular, in the algebraic sectors (37), (38) associated with Bethe type solutions, it is worth noticing that such a correspondence between these roots and solutions of Bethe equations should not be surprising: it is a well-known fact in the context of q−orthogonal polynomials theory.
Although we didn't consider such possibilities here, for q a root of unity, or dynamical integrable boundary conditions 10 , or the presence of inhomogeneities and higher spin representations located at each sites, it is clear that our approach can be applied analogously: in this case cyclic or higher tensor product finite dimensional representations of the tridiagonal algebra (16) need to be considered in details (see e.g. [10] ).
To conclude, using the complete basis of eigenstates (31), (35) or (36) the problem of calculating correlation functions in the XXZ open spin chain with integrable non-diagonal boundary conditions (1) can be handled. This will be the subject of a future work. .
.
Coefficients c (N,l) n[ij] :
For i ∈ {1, ..., N −1 n−1 }, j ∈ {1, ..., N −1 n }:
. (1,0) 0 [11] = e α (cosh α + cosh α * ) sinh(φ/2) sinh α , c (1,0) 1 [11] = − e −α (cosh α + cosh α * ) sinh(φ/2) sinh α .
